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Abstract
We develop a modeling framework, based on
discrete‐time dynamic optimization, to study the
effect of legacy nutrient stores and soil nutrient
dynamics on optimal nutrient management and
agri‐environmental policy in crop production.
Three alternative measures are studied to reduce
nutrient loss: reduced fertilization, nonlegume
catch crop cultivation and gypsum amendment.
According to our results, landowner can bring
down excessively high phosphorus stocks causing
environmental damage within decades, by si-
multaneous optimization of the nitrogen and
phosphorus fertilizers on the economic basis of
profit maximization. Our results suggest that ni-
trogen loss abatement with catch crops is socially
optimal, whereas the use of gypsum is well justi-
fied as a temporary measure on soils with high soil
phosphorus levels. A dynamic tax‐subsidy‐scheme,
which takes into account the current soil nutrient
levels and field attributes such as soil texture, can
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enforce the socially optimal outcome. The welfare
losses of the static steady‐state‐based tax‐subsidy‐
schemes are increasing functions of the legacy
nutrient stores and soil's ability to hold nutrients.
Recommendations for Resource Managers
• We develop a modeling framework to study the
effect of the legacy nutrient stores and the soil
nutrient dynamics on the optimal nutrient man-
agement and agri‐environmental policy in crop
production.
• Nonlegume catch crop cultivation is a socially op-
timal long‐term measure for nitrogen loss abate-
ment, whereas phosphorus loss abatement with
gypsum is socially optimal on soils with high soil
phosphorus levels.
• A dynamic tax‐subsidy‐scheme, which is adjusted
annually according to the soil nutrient stocks,
leads to social optimum. Although this can be
difficult to implement in practice, it can be useful
in the derivation of the simpler, static tax‐subsidy‐
schemes.
• If a gypsum subsidy is paid for those years,
where the soil P level is above the threshold level
for the gypsum application, the welfare loss of the
static steady‐state‐based tax‐subsidy‐schemes is al-
most zero.
• Simultaneous adjustment of the N and P fertilizer
rates enables the use of simple, static and soil‐
texture‐ignorant tax‐subsidy schemes, without a
notable social welfare loss
KEYWORDS
dynamic optimization, fertilizer management, gypsum,
legacy nutrient store, nonlegume catch crop, nutrient pollution,
tax‐subsidy‐scheme
2 of 40 | Natural Resource Modeling SIHVONEN ET AL.
1 | INTRODUCTION
Efficient management of nitrogen (N) and phosphorus (P) is essential in crop production
because those are the two most important nutrients for crop growth. If leaked to aquatic
ecosystems, however, N and P nutrients are a major cause of eutrophication (Carpenter
et al., 1998; Vitousek et al., 1997). Eutrophication is the primary global water quality issue
for most of the freshwater and coastal marine ecosystems (Smith & Schindler, 2009).
Agri‐environmental programs have been successful at reducing nutrient losses at a field, but
significant water‐quality improvements in the receiving water ecosystems remain unobserved.
The major reason is the continuing release of nutrients from legacy nutrient stores, which have
accumulated in agricultural soils over decades of fertilizer and manure applications (Sharpley
et al., 2013; Stackpoole et al., 2019; Van Meter et al., 2018; Whiters et al., 2014). Legacy stores
can be sufficient for maintaining eutrophication in the receiving water ecosystems for decades
after fertilization is reduced or stopped (Carpenter, 2005; Watkins, 1998). However, soils
with high nutrient legacies are fertile and produce high yields (Barrow, 1980; Dodd &
Mallarino, 2005). Therefore, a soil nutrient stock is an indicator of both the productive capacity
of fields and the nutrient load on water bodies.
In Finland, farmers used high P fertilizer rates in 1940–1980 to increase soil P stocks of the fields
because the native P reserves of Finnish soils are poorly available for the plants (Saarela, 2002;
Tilman et al., 2002). Soil P stocks have been rising until the present day, and there are still many
fields with high soil P stocks (Figure 1). About half of agricultural soils have such high soil P levels
that a yield response to P fertilization is unlikely (Ylivainio et al., 2014). Moreover, about 60% of the
anthropogenic P and 50% of the N loading in Finland originates from agricultural land (Vuorenmaa
et al., 2002). The total N and P loads from Finland to Baltic Sea were 82,500 and 3,255 tons in 2014
(HELCOM, 2018). If the marginal cost of N load is 6.6 €/kg (Gren & Folmer, 2003), the value of the
load would be 545 million €. Similarly, the value of the P load from Finland to Baltic Sea would be
155 million €. Despite various mitigation policies, riverine nutrient export from agricultural lands
remains high (Räike et al., 2019).
Past research has shown that a long‐term approach is necessary to capture the effect of
legacy nutrient stores on a socially optimal nutrient management (Whiters et al., 2014). Also,
accounting for the externalities of crop cultivation requires a combination of policy instruments
and abatement measures, because no single solution is likely to suffice (Pretty et al., 2001).
To this end, in this study we focus on a socially optimal joint long‐term management of P and
N nutrients together with nonlegume catch crop cultivation and gypsum abatement in spring
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FIGURE 1 Distribution of the
soil P stocks on Finnish agricultural
soils (based on the initial data
describing soil P levels in field plots
used in the VEMALA model
(Huttunen et al., 2016)
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barley production on heterogeneous agricultural land. Heterogeneity arises from the different
legacy nutrient stores and soil textures of the field hectare.
The economic theory of nonpoint‐source water pollution control dates back to Griffin and
Bromley (1982), Shortle and Dunn (1986), and Segerson (1988). Xepapadeas (1992) proposed a
general dynamic framework for the determination of the intertemporal incentive schemes for
diffusion pollution. Schnitkey and Miranda (1993) conducted a steady‐state analysis for controlling
P runoff from farms combining livestock and crop production. Larson et al. (1996) developed a
welfare‐theoretic approach for comparing second‐best single‐tax policies using a crop yield and
pollution production model. Goetz (1997) analyzed optimal private and social soil use paths when
farmer's annual decisions consist of crop mix and use of inputs, while considering the nonlinear
dynamic soil losses. Yadav (1997) studied optimal N and P fertilizer use in a dynamic setting with
groundwater contamination externalities. Berntsen et al. (2003) studied effects of the three different
nitrogen taxation scenarios for four farm types. Martıńez and Albiac (2004) studied optimal input
taxes on N fertilizer and irrigation water. Iho (2010) and Iho and Laukkanen (2012a) studied an
input tax on P fertilizer or soil P stock in a situation where planner's choices included P fertilizer
rate and the width of a vegetative filter strip, whereas Iho and Laukkanen (2012b) considered a
similar situation where the abatement measure was gypsum amendment. Gren et al. (2013) and
Ahlvik et al. (2014) studied cost‐effective spatial and dynamic allocations of N and P loss abatement
for reaching environmental targets in Baltic Sea.
Despite the extensive literature of a non‐point source pollution control, economic literature on a
long‐term management of both N and P fertilizers and optimal environmental policy accounting for
the nutrient carryover information is limited. In particular, there appears to be no study where both
soil P and N are state variables in an economic analysis. We address the following questions: (a) how
socially and privately optimal fertilization patterns differ from each other on soils with different legacy
nutrient stores? (b) What kind of tax‐subsidy‐schemes can encourage producers to engage in a socially
optimal nutrient management and abatement? (c) How the soil nutrient dynamics affect optimal
fertilization patterns, abatement, and agri‐environmental tax‐subsidy‐schemes? (d) What are the
welfare gains of the increasingly detailed tax‐subsidy‐schemes? To answer these questions we apply
discrete‐time dynamic optimization. Quantitative assessment is based on the models and data de-
scribing barley (Hordeum vulgare L.) cultivation in southern Finland on coarse and clay textured soils.
Our modelling approach extends the approach by Jomini et al. (1991), Bäckman and Lansink (2005),
and Lambert et al. (2007) who studied economically optimal P and N rates (in slightly different
settings) while considering P carryover effects, by including N carryover, nutrient loss processes,
environmental policy, and several nonlinear interactions among the model components in the
analysis. We also extend the approach by Iho (2010), Iho and Laukkanen (2012a, 2012b) by including
N in the analysis. More specifically, we focus on a situation where a decision maker has access to
three alternative measures to control leakage of N and P: application of nonlegume catch crops,
gypsum amendment, and reduced fertilization inputs.
2 | THE MODEL
2.1 | The setup
We consider crop production on an average representative hectare. A time step of the model is
1 year, denoted by t {0,1,2, …}∈ . Each year, nitrogen and phosphorus fertilization inputs
(kg/ha), Nt and Pt, respectively, are used to supplement the natural supplies of soil nutrients to
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increase a barley yield (kg/ha), yt . Phosphorus accumulates in the soil over time if P fertilizer
inputs exceed P removal. Each period of the planning horizon is characterized by a certain level
of a plant‐available soil P stock (mg/L), denoted by xt. Plant‐available soil P stock comprises
inorganic P dissolved in water/soil solution that is readily available for plant uptake.1 P car-
ryover equation describes the evolution of xt from 1 year to another:
x x x P y= + ϑ( , , ),t t t t t+1
(1)
where transition function, ϑ, defines the rate of change of xt. The rate of P accumulation is an
increasing function of the P fertilization, and a decreasing function of the annual crop yields
because of the P crop‐uptake effect. Each period of the planning horizon is also characterized by
a certain level of potentially plant available soil N (kg/ha), that is, N in mineralized form, nt (cf.,
Sela et al., 2017; Thomas, 2003; Watkins, 1998). We define the N carryover equation as follows:
( )n n ϕ n N y e= + , , , ,t t t t t tN+1 (2)
where a transition function, ϕ, defines the rate of change of nt. This function is an increasing
function of N fertilizer rate, a decreasing function of the annual yield because of the N crop‐
uptake effect, and a decreasing function of the annual N leaching to waterbodies, et
N .
Annual N and P fertilization and soil nutrient stocks have negative environmental con-
sequences in the form of N and P losses (kg·ha−1·yr−1) to water ecosystems, et
N and et
P, re-
spectively. Landowner can reduce the nutrient losses by reducing fertilization or by using
abatement measures. The cultivation of nonlegume (non‐N‐fixing) catch crops reduces effec-
tively N losses (Aronsson et al., 2016).2 Each year a landowner decides the share of a hectare
that is devoted to catch crop cultivation, φ [0,1]t
cc ∈ ; we assume that the choice of catch crop is
annual. The current knowledge regarding the effect of catch crops on P losses is conflicting (Liu
et al., 2014) and is omitted here. Gypsum treatment, denoted by φ [0,1]t
gyp ∈ , is an alternative
measure for reducing P loss that has gained widespread interest (Kleinman et al., 2019). Fur-
thermore, φt
gyp has no effect on soil P (Ekholm et al., 2012). We assume also that there is no
direct interaction between φt
gyp and φt
cc. A one‐time gypsum application remains effective 5
years (Ollikainen et al., 2018). In the analytical model, however, we assume that a planner
makes the decision annually (to ease the notation). Annual P load, et
P is an increasing function
of both xt and Pt, because et
P consists of two forms: the leaching of dissolved reactive phos-
phorus (DRP) and the loss of particulate phosphorus (PP). DRP is mostly determined by xt
(McDowell & Sharpley, 2001; Peltovuori, 1999; Schnitkey & Miranda, 1993; Sharara et al., 2017).
Annual N load, et
N is also an increasing function of both nt and Nt (Van Meter et al., 1998; Van
Meter et al., 2018). We describe N and P loss processes by the following functions:
( )e e N φ n= , , ,tN N t t tcc (3)
( )e e P φ x= , , .tP P t t tgyp (4)
1There are several P pools in soil: (a) plant‐available P in soil solution, (b) sorbed P, and (c) mineral P. In here, soil P
stock refers to soil test P (STP), which provides an indication of the level of soil P that is potentially available to a plant.
Typically, STP is extracted from the soil with acid ammonium acetate, pH 4.65 (Vuorinen & Mäkitie, 1955).
2Catch crops retain nutrients in the root zone, whereas cover crops prevent soil erosion and minimize the risk of surface
runoff through the improved infiltration.
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According to the optimum law of Liebscher, annual P fertilizer response is a decreasing
function of soil P. Thus, there is a trade‐off between the immediate benefit of P fertilization and
the benefit of soil P accumulation. One can consider plant available soil N and added N
fertilizer as substitutes: total available N to crop in a given period is the sum of applied N and
soil N (Park et al., 2007; Stauber et al., 1975). Soil N and N fertilizer are, however, imperfect
substitutes because their effect on a yield is different (Stoecker & Onken, 1989). We also assume
that there is no cross‐effect between N and P responses, because the functional form in the
numerical model excludes the interaction of the fertilizer inputs. We assume that catch crop
does not improve yield through enhancing soil fertility and crop N supply.3 Instead, catch crop
reduces yield due to the competition between a main crop and a catch crop for various factors of
growth (Valkama et al., 2015). Consequently, catch crops have a positive indirect effect on soil P
via the reduction in crop‐uptake (Lemola et al., 2000). We assume that gypsum application has
no effect on barley yield (Iho & Laukkanen, 2012b). Hence, the annual yield is
( )y f P N φ x n= , , , , ,t t t tcc t t (5)
where f is a concave yield response function satisfying the law of diminishing marginal returns. The
model specification resembles a Cobb‐Douglas Mitschelich‐Baule type production function, which is
flexible regarding the extent of isoquant convexity, and it imposes plateau growth (Yadav, 1997).
2.2 | Problem of the social planner
Social planner maximizes the net present value (NPV) of the revenues from crop production
minus the monetary value of the environmental damage caused by nutrient pollution by
choosing optimal levels of P and N fertilization and catch crop and gypsum application areas, Pt,
N ,t φ ,t
cc and φt
gyp, respectively. Note that φt
cc and φt
gyp are continuous variables, but due to model
structure they turn up as corner solutions: either they are applied on the whole field hectare or
not. The optimization problem is
{ }
{ }
β p y p P p N p φ p φ μ e μ e
x n x P N φ φ
max − + + + − −
Subject to equations (1) and (2),
and are given, , , 0, {0, 1}, and {0, 1}
P N φ φ x n t
T
t y
t
P
t
N
t
cc
t
cc gyp
t
gyp P
t
P N
t
N
t t t t
cc
t
gyp
, , , , , =0
0 0
t t t
cc
t
gyp
t t+1 +1
⎡⎣ ⎤⎦∑
≥ ∈ ∈
(6)
where β ρ= (1 + )−1 is a social discount factor, and ρ 0≥ is a discount rate. We follow a
common tradition in economic research of using an infinite‐horizon problem formulation:
T → ∞. A soil management problem considering long‐term biophysical and economic con-
sequences is typically formalized as a profit‐maximization model with an infinite time horizon
(Hediger, 2003).4 Constant exogenous prices for barley yield, P fertilizer, and N fertilizer (€/kg)
3Even nonlegume catch crops may improve biological N fixation, and therefore affect the N use efficiency (Lemola
et al., 2000).
4Stationary problems with an infinite time horizon lead to simplified optimal stationary strategies because there is no
need to specify what happens after the terminal state. This approach is appropriate if the distant future has no
significant influence on the optimal path for the near future (Sydsæter et al., 2005). In here, discounting takes care of
the influence of the distant future on the decisions in the beginning of the planning horizon.
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are denoted by py, pP, and pN , respectively. Constant exogenous costs for catch crop and
gypsum treatment (€/ha) are denoted by pcc and pgyp. Parameters μP and μN are the constant
exogenous marginal damage costs of P and N losses, respectively. The marginal damage costs
reflect the average monetized marginal change in the benefits that people derive from the
aquatic ecosystems when nutrient emissions decrease marginally. These costs are necessary for
monetarizing the damages of N and P losses.
2.3 | Optimality condition for the annual input decisions
Society's Lagrangean is
( )
( )
( ) ( )
( ) ( )
( )
( ) ( )
L β p f P N φ x n p P p N p φ p φ μ e P φ x
μ e N φ n βλ x x P f P N φ x n x
βλ n ϕ n N f P N φ x n e n γ φ γ φ
γ φ γ φ
= , , , , − + + + − , ,
− , , + + ϑ , , , , , , −
+ + , , , , , , , − + +
+ 1 − + 1 − .
t
t y
t t t
cc
t t
P
t
N
t
cc
t
cc gyp
t
gyp P P
t t
gyp
t
N N
t t
cc
t t
x
t t t t t t
cc
t t t
t
n
t t t t t t
cc
t t t
N
t t
cc
t
cc
t
gyp
t
t
cc
t
cc
t
gyp
t
gyp
=0
+1 +1
+1 +1
,0 ,0 gyp
,1 ,1
⎜
⎟
⎛
⎝
⎡⎣ ⎤⎦
⎡
⎣⎢
⎤
⎦⎥
⎡
⎣⎢
⎤
⎦⎥
⎞
⎠
∑
∞
(7)
Here λt
x
+1 and λt
n
+1 are the shadow prices of the plant available soil P and N stocks, re-
spectively. Lagrange multipliers γt
i0 and γt
i1 are respectively connected to the lower and upper
limits of catch crop and gypsum decisions, φt
i, where i cc gyp{ , }∈ . We obtain the first‐order
conditions (multiplied with β t− ) for an interior maximum by differentiating the Lagrangean
with respect to the input choices and the soil P and N stocks, because, by the assumption, the
yield response function is concave.
Annual P fertilizer rate is at its optimal level when the marginal value product of P fertilizer
and the discounted marginal value product of soil P and N carryovers is equal to the marginal
cost of a P fertilizer and the externality of the P fertilization:
P p f β λ f λ ϕ f p μ e: + (ϑ + ϑ ) + = + .t y P t t
x
P t f t P t t
n
f t P t
P P
P t
P
, +1 , , , +1 , , ,
⎡⎣ ⎤⎦ (8)
Here subscripts denote partial derivatives. Thus, the optimal P rate is an increasing
function of a P yield response and a decreasing function of the effect of P fertilization on P
loss and the marginal damage cost of P loss. Optimal P rate is an increasing function of
the shadow price of a soil P stock. Instead, optimal P rate is a decreasing function of
the shadow price of a soil N stock, because the effect of a P rate on a soil N stock is
negative through the increased N yield uptake. The condition for the optimal N fertilizer
rate is
N p f β λ f λ ϕ ϕ f p μ e: + ϑ + ( + ) = + .t y N t t
x
f t N t t
n
N t f t N t
N N
N t
N
, +1 , , +1 , , , ,
⎡⎣ ⎤⎦ (9)
In this case, the discounted marginal value product of a soil P carryover is negative,
because N fertilization has a negative effect on a soil P stock by increased P yield uptake.
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Also, in this case the discounted marginal value product of a soil N carryover is positive.
The condition for catch crop is similar to those for the N and P fertilizer rates, with the
exception that a yield reduction implies negative marginal value product, and the abate-
ment measure's externality effect is negative also:
φ μ e β λ f λ ϕ f γ p γ p f:− + ϑ + + = + − .t
cc N
φ t
N
t
x
f t φ t t
n
f t φ t t
cc cc
t
cc y
φ t, +1 , , +1 , ,
,0 ,1
,cc cc cc cc
⎡⎣ ⎤⎦ (10)
This implies that optimal catch crop cultivation decision is an increasing function of
the impact of a catch crop on N loss, and the marginal damage cost of N loss, and a
decreasing function of the impact of a catch crop on an annual yield. Moreover, the effect
of a catch crop on P and N carryovers is positive because of the reduced crop‐uptake
effects.5 Gypsum application is at its optimal level when the negative externality of a
gypsum application is equal to the marginal cost of the gypsum application:
φ μ e γ p γ:− + = + .t
gyp P
φ t
P
t
gyp gyp
t
gyp
,
,0 ,1
gyp
(11)
Gypsum is applied only when a soil P level is above a certain soil texture‐specific threshold
value, denoted by x̂gyp. When x x> ˆt gyp, it holds that gypsum price is lower than its marginal
environment benefit p μ e<φ P φ t
P
,gyp , and gypsum is applied.
The condition for the optimal plant available soil P stock equalizes the sum of
the effects of soil P on P and N carryovers and the marginal value product of a soil P stock
with the current shadow price of the soil P stock and the marginal damage cost of a soil P
stock:
x p f β λ f λ ϕ f μ e λ: + (1 + ϑ + ϑ ) + = + .t y x t t
x
x t f t x t t
n
f t x t
P
x t
P
t
x
, +1 , , , +1 , , ,
⎡⎣ ⎤⎦ (12)
Similarly, the optimality condition for the plant available soil N stock is
( )n p f β λ ϕ ϕ f ϕ e λ f μ e λ: + 1 + + + + ϑ = + .t y n t tn n t f t n t e t n tN tx f t n t N n tN tn, +1 , , , , , +1 , , ,N⎡⎣ ⎤⎦ (13)
We also have transversality conditions to guarantee that asymptotically the shadow prices of
the soil stocks are zero: β λ xlim = 0
t
t
t
x
t+1
→∞
and β λ nlim = 0
t
t
t
n
t+1
→∞
.
2.4 | Steady state
If the system is in a steady state, the optimal input decisions remain unchanged from one period to
another, and therefore we can drop time indexes from Equations (8)–(13). In such a case, we can
derive the symmetric steady‐state soil P and N shadow prices λx and λn (see A1 for the detailed
derivation):
5If we would consider a legume catch crop, instead of a nonlegume one, there would also be a direct positive effect on
the plant available N stock.
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( )
λ
p f μ e ϕ f
ρ f
=
− +
− (ϑ + ϑ ) −
x
y
x
P
x
P p f μ e
ρ ϕ ϕ f ϕ e f x
ρ x f x
f ϕ f
ρ ϕ ϕ f ϕ e
−
− ( + + )
1
1 +
ϑ
− ( + + )
y
n
N
n
N
n f n eN n
N
f n f x
n f n eN n
N
⎡
⎣⎢
⎤
⎦⎥
(14)
( )
λ
p f μ e f
ρ ϕ ϕ f ϕ e
=
− + ϑ
− + + −
,n
y
n
N
n
N p f μ e
ρ f f n
ρ n f n e n
N ϕ f f
ρ f
−
− (ϑ + ϑ )
1
1 +
ϑ
− (ϑ + ϑ )
y
x
P
x
P
x f x
N
f x f n
x f x
⎡
⎣⎢
⎤
⎦⎥
(15)
where p fy x is the marginal value product of a soil P stock, p f
y
n is the marginal value product of
a soil N stock, μ eP x
P is the marginal effect of the soil P stock on P loss externality, and μ eN n
N is
the marginal effect of the soil N stock on N loss externality. The third term in equation (14),
( )
ϕ f
p f μ e
ρ ϕ ϕ f ϕ e
f x
−
− + +
y
n
N
n
N
n f n eN n
N
, captures the marginal effect of the soil P stock on the social net benefit of
the soil N stock, which is scaled down with the difference between the discount rate and the
marginal effect of the soil N stock on the N carryover. Note that the term ϕ ff x captures the
negative effect of the soil P stock on N carryover (through the crop uptake). Thus, if the net
effect of the soil N stock is positive, the third term in Equation (14) decreases the steady‐state
shadow value of the soil P stock. The interpretation is analogous for the third term in Equation
(15). Hence, Equations (14) and (15) show that in a steady state social planner's shadow prices
of the soil nutrient stocks are defined by the net periodic marginal social net benefits of the soil
P and N stocks. These net benefits are divided with the so‐called effective discount factors. The
effectiveness means that when discounting the perpetual effect of small addition of x or n, we
do not use mere ρ, but the discount rate is adjusted with the decay rates of P and N stocks, that
is, fϑ + ϑx f x and ϕ ϕ f ϕ e+ +n f n e n
N
N , and the interaction of the stocks, that is, P stock affects the
decay of N stock and vice versa. In the case of P stock, we have soil N effects, f ϕ fϑf n f x, and their
perpetual value is scaled down with the term ρ ϕ ϕ f ϕ e− ( + + )n f n e n
N
N , which again is the
discount rate that is adjusted with the decay rate of a N stock. The interpretation is analogous
for the effective discount rate of the soil N stock. Hence, these third terms are related to fact that
P change affects N stock, which again affects Pstock. Note, that the factor ρ1/(1 + ) (or β) stems
from the discrete time approach. This is a technical correction, which would not exist in a
continuous time model. Note that if ϑ < 0x and ϕ < 0n , the discounting is in fact stronger than
without the decay. In other words, the effective discount rate is typically greater than the actual
discount rate. This is natural as the effect declines as the stock effect vanishes due to the decay.
Soil P increases social welfare by increasing the yields, but it also has a negative effect on social
welfare through increased P loss. Furthermore, soil P has a negative effect on a soil N stock via
increased N yield‐uptake. Analogously, soil N has a positive effect on yield, negative environ-
mental effect of increased N loss, and a negative effect on a soil P stock. Therefore, assuming
that the effective discount rates are positive, the shadow prices are positive (negative) if the
benefit from increased profits of a crop yield are greater (smaller) than the environmental
externalities and the effects on the other nutrient stock. When λ > (<)0, the NPV is an in-
creasing (decreasing) function of the nutrient stock. The result implies that the social value of a
soil nutrient stock depends on the relative size of the long‐term costs and benefits of the soil
nutrient stock.
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3 | ENVIRONMENTAL POLICY
3.1 | First‐best regulation
We make a standard assumption that under the conditions of no regulations, landowners
maximize the NPV of the revenues from crop production, and the environmental impacts of
agricultural practices do not influence their decisions (Goetz & Zilberman, 2000; Tilman
et al., 2002).6 There are two basic strategies for internalizing the externalities of food produc-
tion: regulation and market incentives. We study agri‐environmental tax‐subsidy‐schemes,
because they allow producers to respond to changes in economic conditions. A planner cannot
tax nonpoint source emissions from agricultural land because those are difficult to measure and
monitor. Instead, a regulator can alter measurable management choices causing the ex-
ternalities. In addition, in practice it could be difficult to set a tax on soil nutrients. Thus, we
focus on fertilizer input taxes, and subsidies on the abatement measures. However, a regulator
needs to take into account the fact that P and N fertilization will cause lasting gradual emissions
through the soil nutrient stocks. Therefore, a regulator needs to adjust fertilizer taxes and
abatement subsidies. Under the conditions of perfect information, this tax‐subsidy‐scheme is a
first‐best policy instrument resulting in the socially optimal nutrient pollution levels.
To derive the tax‐subsidy‐scheme, we must first define the problem of a landowner under
the environmental policy. Regulated private producer maximizes the NPV of annual net returns
from crop production:
{
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Again, for simplicity, the time horizon is set to infinite: T → ∞.7 The first‐order conditions
for the annual optimal decisions in the regulated private optimum are similar to those in the
social optimum, with the exception that the respective taxes replace the marginal damages of
the inputs (see A2). By equalizing the first‐order conditions for the social and regulated private
optimums, and solving the equations for the respected taxes and subsidies, we obtain the first‐
best tax‐subsidy‐scheme (see A3 for details):
τ μ e β f ϕ f= + (ϑ + ϑ )Δ + Δ ,t
P P
P t
P
P t f t P t t
x
f t P t t
n
, , , , +1 , , +1
⎡⎣ ⎤⎦ (17)
τ μ e β f ϕ ϕ f= + ϑ Δ + ( + )Δ ,t
N N
N t
N
f t N t t
x
N t f t N t t
n
, , , +1 , , , +1
⎡⎣ ⎤⎦ (18)
6This is a simplification. In reality, a private producer may consider also the environmental effects of the production, at
least to some extent, in addition to profits from the crop production.
7If the farmers are landowners, they can be long‐term profit maximizers, because the farmer can sell the land at value
that corresponds to its future expected productive value.
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where parameters as, bs, cs, and ds are defined recursively as follows: a = 10 , a = Θt
P
1 +1, and
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transition factors are defined as fΘ 1 + ϑ + ϑt
P
x t f t x t+1 , +1 , +1 , +1≔ (the effect of the soil P stock on
P carryover), ϕ fΘt
PN
f t x t+1 , +1 , +1≔ (the effect of the soil P stock on N carryover),
ϕ ϕ f ϕ eΘ 1 + + +t
N
n t f t n t e t n t
N
+1 , +1 , +1 , +1 , +1 , +1N≔ (the effect of the soil N stock on N carryover),
and fΘ ϑt
NP
f t n t+1 , +1 , +1≔ (the effect of the soil N stock on P carryover).
Here, Δt
x
+1 and Δt
n
+1 define the social costs of phosphorus and nitrogen stocks, that is, the
externalities of the legacy nutrient stocks from the current period to infinity. The regulator
adjusts the taxes and the subsidies by their effect on soil N and P, based on decisions’
impact on future soil N and P losses. Equations (17)–(20) show that the first‐best taxes and
subsidies take into account the direct emissions, discounted next‐period soil nutrient
emissions, and the marginal costs of the environmental externality of the soil nutrient
stocks from the current period onwards. The influence of the soil nutrient externalities
decreases in time, because of discounting. Soil nutrient externalities are weighted with the
effect of a given input on a soil nutrient carryover. Note that Equation (20) describing the
subsidy for gypsum has only one term because gypsum does not affect the soil nutrient
dynamics in the model. Equation (20) shows that the producer uses gypsum only if the
gypsum subsidy exceeds the price of gypsum. A first‐best tax‐subsidy‐scheme yields zero
social welfare loss.
3.2 | Static tax‐subsidy‐schemes
The first‐best tax‐subsidy‐scheme requires information about the soil nutrient levels and the soil
texture of the target field hectare because nutrient losses depend on a soil texture.8 Since the
optimal tax is time‐dependent, it requires constant changes. This might not be feasible due to
higher administrational costs. Also, calculating the future externalities of the legacy nutrient
8This information is available in Finland for those farms that are part of the Finnish Agri‐Environmental Program,
FAEP (over 90% of the farms). FAEP requires farmers to test their fields for soil fertility. Farmers must renew the soil
fertility tests in every 5 years. Samples for the tests must be taken for every field parcel that is larger than 0.5 hectare.
Peltovuori (1999). The soil fertility tests are necessary for the precision farming (Iho & Laukkanen, 2012a). However,
the soil tests in Finland typically gather information about soil P levels, while ignoring soil N levels, since soil N
information is considered less relevant (Peltovuori, 1999).
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stores may be difficult. Thus, a planner may have to rely on suboptimal tax‐subsidy‐schemes
approximating the first best policy. Here we focus on static schemes based on the steady state
equilibrium. We examine a scheme that can differentiate between soil textures and a scheme
that cannot.
In a steady state, the tax‐subsidy‐scheme is time‐invariant. Therefore, we can drop time
indexes from Equations (17)–(20). This leads to steady‐state‐based taxes and subsidies (see A4
for the detailed derivation):
( )τ μ e f ϕ f= + Φ ϑ + ϑ + Φ ,P P PP P P f P N f P⁎ ⁎ ⁎ ⁎ ⁎ ⁎ ⁎ ⁎ (23)
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Here the terms ΦP and ΦN are the differences between private and social shadow prices
of the soil P and N stocks in the steady state, respectively. Equations (23)–(26) show that
the socially optimal steady‐state tax‐subsidy‐scheme captures the direct effect of the input
choices on the associated nutrient loss and the indirect effects on soil nutrient accumu-
lation/depletion. The latter effect is scaled with the difference between private and
social shadow prices of the nutrient stocks in the steady state. The steady‐state‐based tax‐
subsidy‐scheme is suboptimal for those periods where the soil nutrient stocks differ from
their steady‐state levels. Therefore, it generates social welfare loss. However, the design of
the steady‐state‐based policy instruments requires less information than the first‐best
policy instrument: the only information needed is the soil texture of a target field hectare.
Hence, administration costs should be lower, which compensates the environmental
welfare losses.
Finally, we consider also a situation where a regulator does not utilize the information of the
soil texture of a target hectare either. Such a scheme can be determined, for example as an
weighted average of the soil texture‐specific steady‐state taxes and subsidies: τ ω τ=i
j
n
j j
i∑ ,
where ωj is a share of a given soil texture j of the whole spectrum in the target area. This tax‐
subsidy‐scheme requires only information on the distribution of soil textures in the target area.
Hence, the information requirements and the resulting administration costs are even lower.
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However, the environmental welfare loss of this tax‐subsidy‐scheme is necessarily greater than
that of the policy instrument utilizing the soil texture information.
4 | QUANTITATIVE ASSESSMENT
4.1 | The setup
Our numerical demonstration uses data and models estimated and validated for spring
barley cultivation on clay and coarse soil textures in Finland (see A5). These two soil
textures are essentially different in their characteristics: clay soils have greater ability to
hold nutrients compared to that on coarse soils (Goetz, 1997; Hazelton & Murphy, 2007).
This holds particularly on Finnish young glacial clay soils (Iho & Laukkanen, 2012b).
Cultivation technology is conventional tillage. Table 1 shows the price parameters. Applied
social discount rate is 3%. The choice of the discount rate is crucial for a long‐term analysis
(Weitzman, 2001, 1998), and therefore we studied the sensitivity of the results to this
choice (see S1).
4.2 | Soil P and N paths, annual input choices, yields, and nutrient
losses in social and private optimums
We first study the development of soil P and N stocks in the social and private optimums. The
reduction time paths for high legacy P and N stores, x0 and n0 are almost the same in the private
and social optimums on both soil textures (Figure 2). In the private optimum, high legacy stores
TABLE 1 Price parameter estimates applied in the empirical model
Parameter Estimate Source
Barley price 0.135 €/kg Kotimaan hinnat (www.vyr.fi)
N fertilizer cost 0.91 €/kg Luke (2015)
P fertilizer costb 1.99 €/kg Luke (2015)
Gypsum amendment costb 44 €·ha−1·yr−1 Ollikainen et al. (2018)
Catch crop cultivation cost 33.5 €·ha−1·yr−1 COWI (2007)
Marginal damage of N loss 6.6 €/kg Gren and Folmer (2003)
Marginal damage of P lossc 47 €/kg Gren and Folmer (2003)
aThe assumption of the constant P price may not be reasonable because rock phosphate deposits are finite, and the depletion of
those deposits may become an issue in the future (Berntsen et al., 2003). We studied the effect of the increasing P price on the
results (S2).
bThe annual cost is obtained by dividing total cost, 220 €/ha by five because gypsum is effective for 5 years after the application.
cWe applied a Redfield ratio (C:N:P = 106:16:1) to transfer marginal damage estimate for N‐loss, μN to marginal damage
estimate for P‐loss, μP (Redfield, 1934). When the ratio is viewed in grams, following weights are applied: C‐weight= 12 g/mol,
N‐weight= 14 g/mol and P‐weight= 31 g/mol. When all the weights in the ratio are divided by 31, the ratio becomes 41:7.2:1,
and the obtained estimate for μP is 47 €/kg (7.2 times 6.6 €/kg).
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are decreased, because it is not economically efficient to maintain such high nutrient stores.9
In the social optimum, high legacy stores are decreased also because of the high nutrient loss
externalities. When x0 is low, private producer increases soil P level faster and to a higher level
than what is a social optimal path. However, on clay soils the difference between privately and
socially optimal time paths of the soil N stores is practically negligible.
Since the run‐off externalities have no influence on the private input decisions, the optimal
annual fertilization rates are notably higher in private optimum than in social optimum (S3).
Hence, the fertilization differences are explained by the high environmental damage cost es-
timates. These damage costs, however, are prominently uncertain (Keeler et al., 2016; Keiser
et al., 2019), and the results are sensitive to these cost estimates (S4 and S5). The socially and
privately optimal N rates are higher on clay soils than on coarse soils, because of a higher N
yield response on clay soils, and because N loss is higher on coarse soils. Instead, socially and
privately optimal P rate is higher on coarse soils than on clay soils, because of the higher P yield
response on coarse soils. In addition, high P rate on coarse soils is needed to maintain a
relatively high soil P level due to coarse soil's low ability to hold nutrients.
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FIGURE 2 Socially and privately optimal soil P and N paths for low and high legacy nutrient stores.
SS‐level stands for the steady‐state N stock, which was 250 kg/ha on clay soils and 100 kg/ha on coarse
soils. In (a and b) the initial soil N stock is at its steady‐state level, and in (c and d) the initial soil P stock is
at its steady‐state level, which is 3.23 and 8.5 mg/L on clay and coarse soils, respectively
9This suggests that the existence of the high legacy nutrient stores, particularly high P stores, is a result of the past
inefficient P management (Svanbäck et al., 2019). There are many uncertain and stochastic external factors, however,
which may have led to decisions causing too high legacy stores. In some cases, it may be reasonable for a risk averse
farmer to accumulate soil nutrients to the levels, which are suboptimal according to a deterministic model. In addition,
in the case of livestock production, the manure of the farm animals is spread on the field. Typically, transporting excess
manure away from the field is too expensive, which may lead to increasing nutrient stocks.
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In the social optimum, a catch crop is cultivated throughout the planning horizon regardless
of the legacy nutrient stores on both soil textures. This is because the negative effect of a catch
crop on N loss enables higher N rates in a social optimum compared to the situation where
catch crop cultivation is not possible. In addition, catch crop cultivation cost, 33.85 €/ha is
below the threshold level where cultivation becomes optimal: 85 and 41 €/ha on coarse and clay
soils, respectively. Catch crop is not cultivated in a private optimum, because private producer
ignores the benefits of reduced N losses. Gypsum is applied in social optimum only temporarily
on soils with high legacy P stores (S6). The threshold level of a soil P stock is lower on clay soils
(16 mg/L) compared to that on coarse soils (32 mg/L). Gypsum is applied longer on clay soils
than on coarse soils, because the threshold level is reached faster on coarse soils with low ability
to hold nutrients. Gypsum is not applied in the private optimum.
The lower fertilizer rates in the social optimum lead to lower annual yields compared to
those in the private optimum (S7). In addition, annual nutrient losses are higher in the private
optimum than in the social optimum (S7). When a legacy P stock, x0, is high, P loss is higher on
clay soils than on coarse soils, because annual erosion is higher on clay soils (see A5). Annual N
loss, on the other hand, is higher on coarse soils than on clay soils, in line with the previous
literature (Coote & Ramsey, 1983; Nichols, 1984).
4.3 | Social NPVs
Social NPV is, of course, higher in the social optimum than in the private optimum, because of
the high social costs of the nutrient losses (Figure 3). The social welfare loss of the private
optimum is greater on coarse soils than on clay soils, because of the high N losses on coarse
soils. On both soils, a social welfare loss is an increasing function of the legacy nutrient stores.
Catch crop has a substantial effect on social NPV on coarse soils (Figure 3a). Instead, catch
crop's effect is relatively minor on clay soils (Figure 3b). The welfare effect of gypsum is only
observed on soils with x0 above the threshold for gypsum application. Overall, environmental
policies are necessary to reduce privately optimal fertilizer rates and to induce the private
producers to use the catch crop and gypsum, when socially optimal.
The social NPV is an increasing function of x0 on coarse soils and a decreasing function of x0 on
clay soils (Figure 3a,b). On coarse soils, the benefit of increased soil fertility outweighs the damage of
increased P loss, implying that the steady‐state shadow price of a soil P stock as given by Equation
(14), is positive (75.5 €/ha).10 On clay soils the P loss externalities of an increased soil P stock
outweighs the associated benefits from a crop production, and the steady‐state shadow price of a soil P
stock is negative (−209 €/ha). Hence, the shadow price of a soil P stock is positive (negative) on soils
with low (high) ability to hold nutrients. However, the steady‐state level of a soil P stock on clay soils
is above zero, because crops need a certain amount of P to grow. On coarse soils, the steady‐state level
of a soil P stock on coarse soils is moderate, because maintaining higher soil P stock generates costs in
terms of both input costs and externality costs. Analogously, a social NPV is a decreasing function of
n0 on coarse textured soils, where the steady‐state shadow price of a soil N stock as given by Equation
(15), is negative (−0.30 €/ha), whereas a social NPV is an increasing function ofn0 on clay soils, where
the steady‐state shadow price of a soil N stock is positive (0.03 €/ha). However, when catch crop
10We obtained the numeric values for the shadow prices by inserting steady‐state levels for the input choices and the
soil nutrient stocks to the formulas shown in Equations (14) and (15).
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cultivation is not possible, the shadow price of a soil N stock is negative also on clay soils, and
therefore a social NPV decreases when n0 increases.
4.4 | Policy instruments: Tax‐subsidy‐schemes
As explained in Section 3.2, a social planner can implement first‐best tax‐subsidy‐schemes if she/he
has information about the legacy nutrient stores and the soil textures of the target area, and capability
to implement annually changing taxes and subsidies. In the case of a low legacy P store, x0, a socially
optimal annual P‐tax, as described by Equation (17), is initially high, particularly on clay soils, because
in such a case privately optimal P rate is high (Figure 4b). At the same time, privately optimal N rate
is low, and therefore a socially optimal N‐tax, as described by Equation (18), is below its steady‐state
level (Figure 4a). A social planner uses also nonlegume catch crops and gypsum to reduce nutrient
losses. In this case, an optimal catch crop subsidy, as described by Equation (19), is initially below its
steady‐state level because N loss is low in the private optimum (Figure 4c). At the same time, optimal
gypsum subsidy, as described by Equation (20) is low, because gypsum is applied only on soils with
high legacy P stores (Figure 4d).
In the case of high x0, privately optimal N rate is initially high. As a result, annual N‐loss is
high in the private optimum. Therefore, an optimal annual N‐tax is above its steady‐state level
before the steady state is reached (Figure 4a). An optimal catch crop subsidy is also high
because of high N loss (Figure 4c). Instead, in this case the privately optimal P rate is low,
because plant obtains most of the needed P from the soil P stock. Therefore, an optimal annual
P‐tax is below its steady‐state level (Figure 4b). However, on coarse soils, P‐tax is high also with
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FIGURE 3 Social NPV as a function of the legacy nutrient stores for the socially and privately optimal
input choices over the planning horizon, and for the cases where CC is not available, GYP is not available,
and where neither measure is available. Note that in (c and d) the curves associated with the gypsum are
missing, because initial soil P level is at its steady‐state level, which is below the threshold for gypsum
application. CC, catch crop; GYP, gypsum; NPV, net present value
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FIGURE 4 First‐best tax‐subsidy‐schemes for low and high legacy nutrient stocks. In (a–d) initial soil
N level is at its SS level (260 kg N ha−1 on clay soils and 100 kg N ha−1 on coarse soils), and in (e–h) initial
soil P level is at its steady‐state level (3.23mg P L−1 on clay soils and 8.5 mg P L−1 on coarse soils). SS,
steady‐state
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high x0, because P loss is resulting from the high optimal soil P stock. Therefore, P‐tax paths on
coarse soils are almost identical despite the different legacy P stores (Figure 4b).
If the N legacy store,n0, is low (high), N loss is below its steady‐state level, and therefore a N tax is
also below (above) its steady‐state level (Figure 4e). Similarly, an optimal catch crop subsidy is above
(below) its steady‐state level on soils with high (low) n0 (Figure 4g). The effect of n0 on P tax and
gypsum subsidy is almost negligible, because the N legacy store's effect on P losses is almost non-
existent. Independently of the legacy nutrient stores, N‐tax and catch crop subsidy are higher on
coarse soils than on clay soils, because of the higher N losses. Similarly, P‐tax is higher and gypsum
subsidy is lower on clay soils because of the higher P losses compared to those on coarse soils.
In practice, a social planner may not be able to use an annually changing tax‐subsidy‐scheme.
Instead, a planner may rely on simpler static policy instruments that are fixed to a certain level for a
given number of years, such as EU programs. Steady‐state‐based static taxes and subsidies are rea-
sonable approximations of the first best instruments because the system converges asymptotically to
the steady state independently of the legacy nutrient stores. On coarse soils, a steady‐state‐based N‐tax
is higher than that on clay soils because a socially optimal steady‐state N rate is higher on clay soils
than on coarse soils (Table 2). Instead, on coarse soils a P‐tax is relatively low because the socially
optimal steady‐state P rate is higher on coarse soils than on clay soils.
Catch crop subsidy is higher on coarse soils than on clay soils because the benefit of catch crop
cultivation on coarse soils is higher. Steady‐state‐based gypsum subsidy is lower than the marginal
cost of the gypsum application on both soil textures. Consequently, gypsum is not applied in the
regulated private optimum. Note, however, that the first‐best gypsum subsidy is above the marginal
cost for those periods where the soil P is above the threshold level for the gypsum application (S6),
and therefore, gypsum is used also in the regulated private optimum (Figure 4d). If the regulator
cannot implement soil texture‐specific policies, she/he needs to simplify the tax‐subsidy‐scheme
further. A soil texture‐ignorant static N‐tax is higher (lower) than the soil texture‐specific steady‐state
N‐tax on clay (coarse) soils (Table 2). Instead, a soil texture‐ignorant P‐tax is lower (higher) than
the soil texture specific steady‐state P‐tax on clay (coarse) soils.
4.5 | Welfare losses of the suboptimal policies
The static steady‐state‐based tax‐subsidy‐scheme yields almost the same NPV as the first‐best
instrument, unless the soil of a target area has a high ability to hold nutrients (clay soils) and
TABLE 2 Steady‐state‐based tax‐subsidy‐schemes
Steady‐state‐based soil texture‐
specific tax‐subsidy‐scheme
Steady‐state‐based soil texture‐
ignorant tax‐subsidy‐schemea
Soil texture Coarse Clay Coarse/Clay
N‐tax (€/kg) 0.46 0.26 0.36
P‐tax (€/kg) 0.63 1.98 1.31
Catch crop subsidy (€/ha) 97.7 55.4 76.55
Gypsum subsidy (€/ha) 17.1 11.5 14.3
aA tax‐subsidy‐scheme which ignores the soil textures of the target area is based on the average of the soil texture‐specific
steady‐state‐based taxes and subsidies.
18 of 40 | Natural Resource Modeling SIHVONEN ET AL.
the legacy P store, x0 is considerably above its steady‐state level, x ⁎ (Figure 5). This is because
on coarse soils the steady state is reached fast in the beginning of a planning horizon, in line
with the findings of the previous literature (Jomini et al., 1991; Kennedy et al., 1973). If x0 is far
from x ⁎, the static tax‐subsidy‐scheme generates welfare losses from a long period in the be-
ginning of a planning horizon. Therefore, welfare loss is an increasing function of the difference
between x0 and x ⁎. The main reason for the welfare loss is that gypsum is not used in the static
tax‐subsidy‐schemes, because the subsidies are lower than the marginal cost of a gypsum
application. Gypsum has a significant effect on a social NPV, especially on clay soils, when x0 is
considerably above x ⁎, because it takes a longer time to reach the threshold soil P level, under
which gypsum is no longer optimal, because of the naturally slower soil nutrient dynamics on
clay soils than on coarse soils. Thus, the differences in the use of gypsum mostly explains the
difference between the social NPVs associated with the first‐best tax‐subsidy‐schemes and the
static tax‐subsidy‐schemes. For this reason, the welfare losses of the static tax‐subsidy‐schemes
are almost nonexistent for different N legacy stores, if the initial soil P level is below the
threshold level for the gypsum application (Figure 5c,d).
Moreover, the increase in social welfare that is obtained by differentiating the static tax‐
subsidy‐scheme for different soil textures is almost negligible (Figure 5). This is because the
soil‐texture‐ignorant fertilizer taxes for N and P change to opposite directions compared to the
soil‐texture specific taxes. As a result, both N and P fertilizer rates adjust simultaneously to
changed fertilizer taxes in such a way that the yields are almost the same in cases where soil‐
texture‐specific and soil‐texture‐ignorant tax‐subsidy‐schemes are used. Moreover, the NPVs are
almost the same in these cases, independently of the legacy P stores, because in either of the
cases gypsum is used. On clay soils, less N and more P is used when a soil‐texture‐ignorant
scheme is used, compared to the situation where a soil‐texture‐specific scheme is used. This is
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FIGURE 5 Social NPVs obtained by applying different tax‐subsidy‐schemes. When the x‐axis is the
soil P level, the soil N level is fixed to its steady‐state level (260 kg N ha−1 on clay soils and 100 kg N ha−1
on coarse soils). Similarly, when the x‐axis is the soil N level, the soil P level is fixed to its steady‐state level
(3.23mg P L−1 on clay soils and 8.5 mg P L−1 on coarse soils). NPV, net present value
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because soil‐texture‐ignorant N tax is higher, and P tax is lower compared to the corresponding
taxes in the soil‐texture‐specific scheme. This leads to higher soil P levels and lower soil N levels
in the case of a soil‐texture‐ignorant scheme, compared to those for a soil‐texture‐specific
scheme (Figure 6b,c). On coarse soils soil P levels are lower and soil N levels higher in the case of
a soil‐texture‐ignorant scheme, compared to those for a soil‐texture‐specific scheme (Figure 6f,g).
However, the effect of the legacy P and N stocks on optimal P and N paths, respectively, is notably
stronger than the effect of the different tax‐subsidy‐schemes (Figure 6a,d,e,h). These results
highlight the benefits of the simultaneous adjustment of N and P nutrients.
5 | DISCUSSION AND CONCLUSIONS
We developed a modeling framework, based on a discrete‐time dynamic optimization, for
studying the effect of legacy nutrient stores and soil nutrient dynamics on an optimal nutrient
management and agri‐environmental policy in crop production. The model suggests that high
legacy nutrient stores are reduced to their steady‐state levels at similar rates in both the social
and the private optima, if N and P fertilizer rates are simultaneously optimized on the economic
basis of profit maximization. This is in line with the suggestion that a producer can recover the
legacy P stores to reduce the reliance on synthetic fertilizers (Sharpley et al., 2013; Svanbäck
et al., 2019). Moreover, according to our results, if the benefit from increased profits of a crop
yield is greater (smaller) than the environmental externalities of the soil nutrient stocks, a social
NPV is an increasing (decreasing) function of the legacy nutrient stock. Hence, the high legacy
nutrient stock is not automatically a bad thing.
Our results suggest that N loss abatement with catch crops is socially optimal. However, the
welfare effect was notable only on coarse soils with high annual N loss. This supports a previous
suggestion that there is a need for increased use of catch crops in Finland (Aronsson
et al., 2016). The use of gypsum is well justified as a temporary measure on coarse soils with
high soil P levels (cf., Iho and Laukkanen, 2012b). The optimal gypsum use could be more
extensive if the model would consider its positive crop yield (Chen et al., 2008) and soil P
development (Anderson et al., 1995) effects. Note also that abatement parameterization of
gypsum was based on clay soil measurements (Ekholm et al., 2012), so the gypsum's impact on
coarse soils may be less accurate in the model.
Despite the similar reduction paths of the legacy nutrient stores in the private and social
optimums, the private optimum was notably worse in terms of social welfare due to its high
level of nutrient losses. Hence, a model was extended to study an optimal environmental policy.
A dynamic tax‐subsidy‐scheme, which takes into account the current soil nutrient levels and
field attributes such as soil texture, can enforce socially optimal outcome (cf. Xepapadeas, 1992).
The practicality of such a policy instrument, however, depends on the local conditions, avail-
ability of information, program administration costs, legal limitations, and the abilities of a
regulatory agency (Horan & Ribaudo, 1999; Larson et al., 1996). However, it can be useful in the
derivation of the simpler, static tax‐subsidy‐schemes, and for studying the welfare losses of the
suboptimal policies.
To examine the welfare losses of administratively more simple, suboptimal policies
(Chukwuemeka, 2015; Claassen & Horan, 2001; Kolstad, 1987), we applied static policy
schemes that were based on steady‐state shadow prices. These suboptimal policies did not
induce gypsum use, which was the main source of their welfare losses. The soil texture could be
ignored without a notable welfare loss because the joint optimization of N and P fertilizers could
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FIGURE 6 Optimal paths for soil nutrient stocks under different tax‐subsidy‐schemes for high and
low nutrient legacy stores. High legacy P store is 36 mg/L and low legacy P store is 1 mg/L, on both soil
texture. High legacy N store is 50% above the steady‐state level and low legacy N store is 50% below the
steady‐state level (steady‐state level is 260 kg N ha−1 on clay soils and 100 kg N ha−1 on coarse soils)
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compensate the opposite imperfect incentives of the scheme (cf., Nkonya & Featherstone, 2000;
Schlegel et al., 1996). Hence, the simultaneous adjustment of the N and P fertilizer rates enables the
use of simple, static and soil‐texture‐ignorant tax‐subsidy schemes. The low welfare losses in the case
of low legacy nutrient stocks and high discount factor suggest that unified tax‐subsidy‐schemes may
well be cost‐effective (see S1). Unified here means that a policy instrument is the same despite the
initial soil nutrient levels or the soil textures of the site. This is in line with the previous literature
(Helfand & House, 1995; Lötjönen et al., 2020; Shortle et al., 1998). Based on our results we can
conclude that a mixed policy instrument, where the static tax‐subsidy‐schemes are used with a
dynamic subsidy for gypsum application would lead to outcome with almost‐zero welfare loss. Our
results show that the welfare losses of the static steady‐state‐based tax‐subsidy‐schemes are increasing
functions of the legacy nutrient stores and soil's ability to hold nutrients, because the higher is this
ability, the longer it takes to reach the steady state.
The derived steady‐state‐based fertilizer taxes are in the same order of magnitude than the
corresponding taxes applied in Finland and in EU (Hildén et al., 2007; Nemming & Hansen, 2015).
However, relatively few countries have used fertilizer taxes to control nutrient loading from
agricultural land: Finland (years 1976–1994), Holland, Sweden, Norway, Austria, and Denmark
(Hildén et al., 2007) and some American states (Weersink et al., 1998). Economic incentive‐based
policies are challenging to use when the source of the pollution and the effect of the abatement
practices on the pollution are difficult or costly to monitor (Griffin & Bromley, 1982; Segerson, 1988;
Shortle & Dunn, 1986). Instead, policymakers typically set environmental objectives and standards;
command and control has dominated environmental policy in most countries (Weersink et al., 1998).
In EU, the most important policies aiming to reduce nonpoint source pollution have been direct
controls such as the Drinking Water Directive and the Nitrate Directive (Hanley, 2001). In addition,
subsidies to abatement measures have been more common than taxes to polluting inputs. Here, the
derived subsidy for catch crop cultivation on coarse soils corresponds to the current subsidy in
Finland (100 €/ha), whereas the derived catch crop subsidy on clay soils corresponds to the subsidy
before the year 2015 (52 €/ha; Aronsson et al., 2016).
There are at least three natural ways to extend the model. First, and most importantly, large
nutrient legacy stores are often in areas with high livestock density, and the spatial differ-
entiation of crop and livestock production is often the underlying cause of the high nutrient
legacies (Svanbäck et al., 2019). We could extend the model to include manure as an input, but
then we should also consider a spatial dimension, because in such a case transport costs become
essential future of the problem (Lötjönen et al., 2020; Sharara et al., 2017). Second, we ignored
the impacts of climate change, which may have significant influence on agricultural pro-
ductivity and the externalities on the long run (Gornall et al., 2010). Third, models including
multiple crops are more accurate compared to the monoculture models, since the majority of
the European farmers typically use crop rotation patterns (Thomas, 2003). Crop rotation sys-
tems can reduce the dependence on fertilizer inputs through internal nutrient recycling, be
beneficial for soil fertility and farm profitability, and reduce environmental externalities of the
production (Guertal et al., 1997; Ikerd, 1991; Vandermeer et al., 1998).
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APPENDIX A:
A1: Derivation of the steady‐state shadow prices of the soil p and n stocks
If the system is in a steady state, the optimal input decisions remain unchanged from one period
to another, and therefore we can drop time indexes from Equations (8)–(13). In such a case we
can solve Equation (12) for the steady‐state soil P shadow price λx. First, we drop the time
indexes to obtain the form
p f β λ f λ ϕ f λ μ e+ [ (1 + ϑ + ϑ ) + ] = + .y x
x
x f x
n
f x
x P
x
P (A1)
Second, we solve the equation for λx:
λ
p f μ e λ ϕ f
ρ f
=
− +
( − (ϑ + ϑ ))
.x
y
x
P
x
P
ρ
n
f x
ρ x f x
1
1 +
1
1 +
(A2)
Note that the equation still includes the unknown λn. Similarly, we can solve Equation
(13) for the steady‐state soil N shadow price λn. First, we drop the time indexes to obtain
the form
)(p f β λ ϕ ϕ f ϕ e λ f λ μ e+ 1 + + + + ϑ = + .y n n n f n e nN x f n n N nNN⎡⎣ ⎤⎦ (A3)
Second, we solve the equation for λn
( )( )
λ
p f μ e λ f
ρ ϕ ϕ f ϕ e
=
− + ϑ
− + +
.n
y
n
N
n
N
ρ
x
f n
ρ n f n e n
N
1
1 +
1
1 +
N
(A4)
Now we have a system of equations that we solve for λx and λn. We obtain the expressions
for the steady‐state shadow prices:
λ
p f μ e ϕ f
ρ f
=
− +
( − (ϑ + ϑ )) −
andx
y
x
P
x
P p f μ e
ρ ϕ ϕ f ϕ e f x
ρ x f x
f ϕ f
ρ ϕ ϕ f ϕ e
−
− ( + + )
1
1 +
ϑ
− ( + + )
y
n
N
n
N
n f n eN n
N
f n f x
n f n eN n
N
⎡
⎣⎢
⎤
⎦⎥
(A5)
( )
λ
p f μ e f
ρ ϕ ϕ f ϕ e
=
− + ϑ
− + + −
.n
y
n
N
n
N p f μ e
ρ f f n
ρ n f n e n
N ϕ f f
ρ f
−
− (ϑ + ϑ )
1
1 +
ϑ
− (ϑ + ϑ )
y
x
P
x
P
x f x
N
f x f n
x f x
⎡
⎣⎢
⎤
⎦⎥
(A6)
A2: Optimality conditions for the regulated private optimum
To obtain the expressions for the annual taxes and the subsidies, we must first derive the first‐
order conditions for the regulated private optimum. Regulated private producer maximizes NPV
of the annual net returns from the crop production:
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( ) ( ) ( )
( )
( )
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(A7)
Lagrangean of the problem is
( )
( )
( ) ( ) ( ) ( )
( ) ( )
( )
( ) ( )
L β p f P N φ x n p τ P p τ N p σ φ
p σ φ βη x x P f P N φ x n x
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+ 1 − + 1 −
t
t y
t t t
cc
t t
P
t
P
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t t t t t t
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t
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(A8)
Note that here we denote the private shadow prices of the soil P and N stocks by ηx and ηn,
respectively. Taking a derivative w.r.t. Nt, dividing the equation with βt and rearranging gives:
( )N p f β η f η ϕ ϕ f p τ: + ϑ + ( + ) = + .t y N t tx f t N t tn N t f t N t N tN, +1 , , +1 , , , (A9)
Similarly, taking a derivative w.r.t. Pt, dividing the equation with βt and rearranging gives:
P p f βη f βη ϕ f p τ: + (ϑ + ϑ ) + = + .t y P t t
x
P t f t P t t
n
f t P t
P
t
P
, +1 , , , +1 , ,
(A10)
The derivative of the Lagrangean w.r.t. φt
cc, dividing the equation with βt and rearranging
gives:
( )φ σ p f β η f η ϕ f γ p γ: + + ϑ + + = + .tcc tcc y φ t tx f t φ t tn f t φ t tcc cc tcc, +1 , , +1 , , ,0 ,1cc cc cc (A11)
The derivative of the Lagrangean w.r.t. φt
gyp, dividing the equation with βt and rearranging
gives:
φ σ γ p γ: + = + .t
gyp
t
gyp
t
gyp gyp
t
gyp,0 ,1 (A12)
The derivative of the Lagrangean w.r.t. xt, dividing the equation with βt and rearranging
gives:
( )x p f β η f η ϕ f η: + (1 + ϑ + ϑ ) + = .t y x t tx x t f t x t tn f t x t tx, +1 , , , +1 , , (A13)
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And finally, the derivative of the Lagrangean w.r.t. nt, dividing the equation with βt and
rearranging gives:
( )( )n p f β η ϕ ϕ f ϕ e η f η: + 1 + + + + ϑ = .t y n t tn n t f t n t e t n tN tx f t n t tn, +1 , , , , +1 , ,N (A14)
A3: Derivation of the first‐best taxes/subsidies
To obtain the expressions for the first‐best taxes, we equalize the conditions for the social and
regulated private optimal N and P fertilizer rates, catch crop cultivation and gypsum
application.
Let us start with the conditions for the P fertilization:
p f β λ f λ ϕ f p μ e
p f β η f η ϕ f p τ
+ [ (ϑ + ϑ ) + ] − −
= + [ (ϑ + ϑ ) + ] − −
y
P t t
x
P t f t P t t
n
f t P t
P P
P t
P
y
P t t
x
P t f t P t t
n
f t P t
P
t
P
, +1 , , , +1 , , ,
, +1 , , , +1 , ,
(A15)
Cancelling common terms and rearranging gives:
( ) ( )τ μ e β η λ f η λ ϕ f= + − (ϑ + ϑ ) + −tP P P tP tx tx P t f t P t tn tn f t P t, +1 +1 , , , +1 +1 , ,⎡⎣ ⎤⎦ (A16)
Let us then focus on the conditions for the N fertilization:
p f β λ f λ ϕ ϕ f p μ e
p f β η f η ϕ ϕ f p τ
+ ϑ + ( + ) − −
= + ϑ + ( + ) − −
y
N t t
x
f t N t t
n
N t f t N t
N N
N t
N
y
N t t
x
f t N t t
n
N t f t N t
N
t
N
, +1 , , +1 , , , ,
, +1 , , +1 , , ,
⎡⎣ ⎤⎦
⎡⎣ ⎤⎦ (A17)
Cancelling common terms and rearranging gives:
( ) ( )τ μ e β η λ f η λ ϕ ϕ f= + − ϑ + − ( + )tN N N tN tx tx f t N t tn tn N t f t N t, +1 +1 , , +1 +1 , , ,⎡⎣ ⎤⎦ (A18)
Similarly combining the conditions for the catch crop cultivation and gypsum application
gives:
( ) ( )σ μ e β η λ f η λ ϕ f= − − − ϑ + −tcc N φ tN tx tx f t φ t tn tn f t φ t, +1 +1 , , +1 +1 , ,cc cc cc⎡⎣ ⎤⎦ (A19)
and
σ μ e= − .t
gyp P
φ t
P
,gyp
(A20)
To obtain the explicit expressions for the taxes and the subsidies, however, we must de-
termine the expressions for the differences of the shadow prices η λ−t
x
t
x
+1 +1 and η λ−t
n
t
n
+1 +1.
First, we need the expressions for the forwarded shadow prices. Let us first focus on the
conditions for the socially optimal P and N stocks. We solve the conditions for λt
x and λt
n, and
then we forward the obtained expressions by 1 year to obtain
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λ p f μ e β λ f λ ϕ f= − + (1 + ϑ + ϑ ) +t
x y
x t
P
x t
P
t
x
x t f t x t t
n
f t x t+1 , +1 , +1 +2 , +1 , +1 , +1 +2 , +1 , +1
⎡⎣ ⎤⎦ (A21)
( )λ p f β λ ϕ ϕ f ϕ e λ f
μ e
= + 1 + + + + ϑ
−
t
n y
n t t
n
n t f t n t e t n t
N
t
x
f t n t
N
n t
N
+1 , +1 +2 , +1 , +1 , +1 , +1 , +1 +2 , +1 , +1
, +1
N
⎡⎣ ⎤⎦
(A22)
Let us then focus on the conditions for the optimal P and N stocks in the regulated private
optimum. We solve the conditions for ηt
x and ηt
n, and then we forward the obtained expressions
by 1 year to obtain
η p f β η f η ϕ f= + (1 + ϑ + ϑ ) +t
x y
x t t
x
x t f t x t t
n
f t x t+1 , +1 +2 , +1 , +1 , +1 +2 , +1 , +1
⎡⎣ ⎤⎦ (A23)
( )η p f β η ϕ ϕ f ϕ e η f= + 1 + + + + ϑtn y n t tn n t f t n t e t n tN tx f t n t+1 , +1 +2 , +1 , +1 , +1 , +1 , +1 +2 , +1 , +1N⎡⎣ ⎤⎦ (A24)
Combining the obtain expressions yields
( )
( )
η λ μ e β η λ f
η λ ϕ f
− = + − (1 + ϑ + ϑ )
+ −
t
x
t
x P
x t
P
t
x
t
x
x t f t x t
t
n
t
n
f t x t
+1 +1 , +1 +2 +2 , +1 , +1 , +1
+2 +2 , +1 , +1
⎡⎣
⎤⎦ (A25)
( )( )
( )
η λ μ e β η λ ϕ ϕ f ϕ e
η λ f
− = + − 1 + + +
+ − ϑ
t
n
t
n N
n t
N
t
x
t
x
n t f t n t e t n t
N
t
n
t
n
f t n t
+1 +1 , +1 +2 +2 , +1 , +1 , +1 , +1 , +1
+2 +2 , +1 , +1
N
⎡⎣
⎤⎦ (A26)
Thus, we may rewrite the tax‐subsidy‐scheme as follows:
τ μ e β f ϕ f= + (ϑ + ϑ )Δ + Δt
P P
P t
P
P t f t P t t
x
f t P t t
n
, , , , +1 , , +1
⎡⎣ ⎤⎦ (A27)
τ μ e β f ϕ ϕ f= + ϑ Δ + ( + )Δt
N N
N t
N
f t N t t
x
N t f t N t t
n
, , , +1 , , , +1
⎡⎣ ⎤⎦ (A28)
σ μ e β f ϕ f= − − ϑ Δ + Δt
cc N
φ t
N
f t φ t t
x
f t φ t t
n
, , , +1 , , +1cc cc cc
⎡⎣ ⎤⎦ (A29)
σ μ e= −t
gyp P
φ t
P
,gyp
(A30)
where
μ e β f ϕ fΔ = + (1 + ϑ + ϑ )Δ + Δt
x P
x t
P
x t f t x t t
x
f t x t t
n
+1 , +1 , +1 , +1 , +1 +2 , +1 , +1 +2
⎡⎣ ⎤⎦ (A31)
( )μ e β ϕ ϕ f ϕ e fΔ = + 1 + + + Δ + ϑ Δtn N n tN n t f t n t e t n tN tn f t n t tx+1 , +1 , +1 , +1 , +1 , +1 , +1 +2 , +1 , +1 +2N⎡⎣ ⎤⎦(A32)
We rewrite these expressions:
μ e β βΔ = + Θ Δ + Θ Δt
x P
x t
P
t
P
t
x
t
PN
t
n
+1 , +1 +1 +2 +1 +2
(A33)
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μ e β βΔ = + Θ Δ + Θ Δt
n N
n t
N
t
N
t
n
t
NP
t
x
+1 , +1 +1 +2 +1 +2
(A34)
where
f ϕ f ϕ ϕ f
ϕ e f
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+ Θ ϑ
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P
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PN
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N
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We then try to obtain expressions for Δt
x
+1 and Δt
n
+1, which does not include terms Δt
x
+2 and
Δt
n
+2, by using recursion. We focus only on Δt
x
+1, because Δt
n
+1 is obtained immediately by the
symmetry. Forwarding the expressions (A33) and (A34) we obtain:
μ e β βΔ = + Θ Δ + Θ Δt
x P
x t
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x
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PN
t
n
+2 , +2 +2 +3 +2 +3
(A35)
μ e β βΔ = + Θ Δ + Θ Δt
n N
n t
N
t
N
t
n
t
NP
t
x
+2 , +2 +2 +3 +2 +3
(A36)
Plugging (A35) back to (A33) we obtain
( )
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μ e βμ e βμ e β
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(A37)
Forwarding (A33) by 2 years we obtain
μ e β βΔ = + Θ Δ + Θ Δt
x P
x t
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t
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t
x
t
PN
t
n
+3 , +3 +3 +4 +3 +4
(A38)
Plugging (A38) to (A37) we obtain
( )
( )
( ) ( )
( ) ( )
( )
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(A39)
Now, focusing on the five first terms, we can observe the pattern. Using the sum operators,
we obtain following sum of two sums
μ β a e μ β b eΔ = +t
x P
s
s
s x t s
P N
s
s
s n t s
N
+1
=0
, +1+
=1
, +1+∑ ∑
∞ ∞
(A40)
where a = 10 , a = Θt
P
1 +1, and b = Θt
PN
1 +1, and the rest are recursively defined by relations
a a b= Θ + Θs s t s
P
s t s
NP
−1 + −1 +
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b b a= Θ + Θs s t s
N
s t s
PN
−1 + −1 +
From symmetry, we can deduce that
μ β c e μ β d eΔ = +t
n N
s
s
s n t s
N P
s
s
s x t s
P
+1
=0
, +1+
=1
, +1+∑ ∑
∞ ∞
(A41)
where c = 10 , c = Θt
N
1 +1, and d = Θt
NP
1 +1, and the rest are recursively defined by relations
c c d= Θ + Θs s t s
N
s t s
PN
−1 + −1 +
d d c= Θ + Θs s t s
P
s t s
NP
−1 + −1 +
Thus, the optimal tax‐subsidy‐scheme is
τ μ e β f ϕ f= + (ϑ + ϑ )Δ + Δt
P P
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τ μ e β f ϕ ϕ f= + ϑ Δ + ( + )Δt
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⎡⎣ ⎤⎦ (A43)
σ μ e β f ϕ f= − − ϑ Δ + Δt
cc N
φ t
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x
f t φ t t
n
, , , +1 , , +1cc cc cc
⎡⎣ ⎤⎦ (A44)
σ μ e= −t
gyp P
φ t
P
,gyp
(A45)
where the social costs of phosphorus and nitrogen stocks are defined by the (A40) and (A41),
respectively.
A4: Static tax‐subsidy‐schemes
We can derive the steady‐state tax‐subsidy‐scheme by equalizing the socially optimal steady‐
state optimality conditions:
P p f β λ f λ ϕ f p μ e: + [ (ϑ + ϑ ) + ] − − = 0,y P
x
P f P
n
f P
P P
P
P (A46)
N p f β λ f λ ϕ ϕ f p μ e: + [ ϑ + ( + )] − − = 0,y N
x
f N
n
N f N
N N
N
N (A47)
φ μ e β λ f λ ϕ f γ p γ p f:− + [ ϑ + ] + − − + = 0,cc N φ
N x
f φ
n
f φ
cc cc cc y
φ
,0 ,1
cc cc cc cc
(A48)
φ μ e γ p γ:− + − − = 0,gyp P φ
P gyp gyp gyp,0 ,1
gyp (A49)
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and the conditions determining the regulated private optimum:
P p f βη f βη ϕ f p τ: + (ϑ + ϑ ) + − − = 0,y P
x
P f P
n
f P
P P (A52)
N p f β η f η ϕ ϕ f p τ: + ( ϑ + ( + )) − − = 0,y N
x
f N
n
N f N
N N (A53)
φ p f β η f η ϕ f γ p σ γ: + ( ϑ + ) + − − − = 0,cc y φ
x
f φ
n
f φ
cc cc cc cc,0 ,1
cc cc cc (A54)
φ γ p σ γ: − − − = 0,gyp gyp gyp gyp gyp,0 ,1 (A55)
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Next, we simply equalize these optimality conditions and cancel the common terms from
both sides of the equations and then we solve the obtained equations for the taxes/subsidies:
τ μ e β η λ f β η λ ϕ f= + [ − ](ϑ + ϑ ) + [ − ] ,P P P
P x x
P f P
n n
f P
(A58)
τ μ e β η λ f β η λ ϕ ϕ f= + [ − ]ϑ + [ − ]( + ),N N N
N x x
f N
n n
N f N
(A59)
σ μ e β η λ f β η λ ϕ f= + [ − ]ϑ + [ − ] ,N φ
N x x
f φ
n n
f φ
cc
cc cc cc
(A60)
σ μ e= ,P φ
Pgyp
gyp (A61)
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A5: Functions used in the empirical application
Nonlinear yield response function in equation (5) for coarse soils is (Sihvonen et al., 2018):
y f P N x x θ x
θ P
θ x
θ θ N
θ Y
= ( , , ) = ( (1 + )) (
1 + exp( )
+ 1)
+ (log( + 1))
1 +
,t t t t t t
t
t
t
N
1,1
−2 2,1
2,2
2
3,1 3,2
2
3,3 0
2
(A64)
where yt is the average yield (kg·ha
−1·yr−1), f =t average annual yield response on coarse soils,
x =t soil P (mg/L
1), P =t P fertilizer rate (kg·ha
−1·yr−1), N N=t fertilizer rate (kg·ha
−1·yr−1), and
θ = 0.01331,1 , θ = 0.07972,1 , θ = 0.00952,2 , θ = 0.7273,1 , θ = 0.02693,2 , and θ = 3.653⁎10 ,3,3 −8
YN0 = 2,148 (N control yield (kg/ha), that is, a yield without added N fertilizer). Applied yield
response function in Equation (5) for clay soils is (Sihvonen et al., 2018):
y f P N x θ x
θ P θ
θ x
ω
θ N
θ Y
= ( , , ) = exp( log( + 1) ) (
+
1 + exp( )
+ )
+ 1
( + 1)
,t t t t t
t
t
P
t
N
1,1
2 1/2 2,1 2,2
2,3
,min
3,1
3,2 0
2
(A65)
where θ = 0.3171,1 , θ = 65.801,2 , θ = 0.03722,1 , θ = 0.012,2 , θ = 0.07993,1 , and θ = 0.0377,3,2
Y =N0 2,466, ωP,min = 0.96. The effect of nonlegume catch crop, φt
cc on the yield is included in
Equation (5) as follows:
( )y f P N φ x φ f P N x= , , , = 1 − 0.03 ( , , ),t t t tcc t tcc t t t⎡⎣ ⎤⎦ (A66)
Thus, yield is 3% lower when nonlegume catch crop is cultivated compared to the situation
where catch crop is not cultivated (Valkama et al., 2015).
Applied soil P transition function in Equation (1) is (Uusitalo et al., 2016):
ς ς P ς P x ς xϑ = + + − ,t t t t t1 2 bal, 3 bal, 4
(A67)
where ϑ =t P soil transition (mg/L), P =tbal, P balance (kg·ha
−1·yr−1), x =t soil P (mg/L), and
ς = 0.1945061 , ς = 7.0375 102
−3∗ , ς = 0.41898 103
−3∗ , ς = −0.0289274 , on coarse soils and
ς = 0.127381 , ς = 6.7745 102
−3∗ , ς = 0.3225 103
−3∗ , ς = −0.0235914 , on clay soils. Thus, the state
Equation (1) takes the following form: x x ς ς P ς P x ς x= + + + −t t t t t t+1 1 2 bal, 3 bal, 4 . For P tbal, a
following function is applied (Iho & Laukkanen, 2012a):
P P β x β y= − ( log( ) + ) ,bal t t t t, 1 2
(A68)
where P =tbal, P balance (kg·ha
−1·yr−1), x =t soil P (mg/L), y =t yield (kg·ha
−1·yr−1), and
β = 0.000841 , β = 0.0001862 .
There is no state equation for the soil N for Finnish agricultural soils. Moreover, it is clear
that we cannot directly couple existing N transition functions with the functions in our model,
because those are estimated and validated for entirely different kind of environmental condi-
tions. Therefore, following Hyytiäinen et al. (2011), we used the Coupled heat and mass transfer
model for the soil‐plant‐atmosphere system (COUP; Jansson, 2012) to simulate data for the
estimation of the soil N transition function. The simulations were done for inorganic nitrogen
(N) rates ranging from 0 to 200 kg·ha−1·yr−1 with 25 kg/ha steps. We repeated the simulations
for nine initial states: initial total amount of N in the whole soil profile was changed from −50%
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to 50% of the baseline level with 25% step while holding initial organic C/N ratio fixed. Fur-
thermore, initial organic C/N ratios were changed using −50%, −25%, 0%, +50%, and +100% of
the baseline while holding initial organic N concentration fixed. The baseline N and C stocks
were 1.33e+4 kg/ha and 1.44e+5 kg/ha and the baseline C/N ratio was 10.7. The simulations
where done for both coarse and clay soils. The total number of the simulations was 162.
CoupModel was parameterized for crop production in southern Finland (Rankinen et al., 2007;
Salo et al., 2016). The meteorological data (for the period 1980–2011) were from the Jokioinen
Observatory of Finnish Meteorological Institute (60.81°N, 23.50 °E, and altitude 104m). We
converted daily simulation output data to annual data.
Most of the N in the soil stock is in the form that is not directly usable for the plants. To get
some kind of an estimation of the soil N that is potentially usable for the plants, we estimated
first a simple model for the both soil textures:
y θ n=N t t0 1 0
(A69)
where yN t0 is the annual N control yield, that is a yield without added N, in N fertilizer
experiments, and nt0 is the annual soil N in the experiments where no N fertilizer was given.
The results are shown in Table A1.
Thus, approximately 9.3% and 8.2% of the annual soil N stock is in plant available form on
clay and coarse soils, respectively. The difference between current and the next period plant
available soil N (kg·ha−1·yr−1), n n−t t+1 is the soil N transition, or N carryover, ϕt. In the
estimation of the N carryover equation, the explained variable, ϕt is multiplied with the ratio
0.093 and 0.082 on clay and coarse soils, and so is nt in the right‐hand side of the equation. The
obtained equation for clay soils was
ϕ β n β N β e β y β c β= + + ln ( ) + + ln( ) + deposition ,t t t t
N
t t t1 2 3 4 5 6
(A70)
and for coarse soils
ϕ β n β N β e β y β= + + + + deposition ,t t t t
N
t t1 2 3 4 5
(A71)
TABLE A1 Estimation results for the parameters of Equation (A69)
Parameter Estimate SE t value Pr(>|t|)
Clay soils
θ1 0.09339 0.00196 47.6 <2.00E−16 ***
Adjusted R2: 0.8935
F‐statistic: 2266 on 1 and 269 DF, p value: <2.2e−16
Coarse soils
θ1 0.081997 0.001676 48.92 <2.00E−16 ***
Adjusted R2: 0.8986
F‐statistic: 2394 on 1 and 269 DF, p value: <2.2e−16
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where nt is the annual soil N stock (kg·ha
−1·yr−1), Nt is the annual N fertilizer input (kg·ha
−1·yr−1),
et
N is the annual N loss (kg·ha−1·yr−1), yt is the annual yield (kg·ha
−1·yr−1). On coarse soils the annual
yield was replaced with a logarithm of the yield due to the nonlinear relationship. We also added two
factors into the equation that are not considered in the analytical model: soil C stock (kg·ha−1·yr−1), ct
and atmospheric N deposit (kg·ha−1·yr−1), depositiont, because those had a significant effect on the N
carry over in the data. We ignored the soil C stock in the N transition equation on coarse soils because
it did not improve the fit, but instead made the fit much worse. However, we treated both factors as
constants fixed to their average level in the optimization. Soil C dynamics are important, but beyond
the scope of this study. One more thing to consider in the estimation was the fact that the N loss is
also a function of the soil N. Thus, N loss and soil N transition function needed to be estimated
simultaneously by using the three state least squares (3SLS) method. We estimated the following N
loss function for both soil textures:
TABLE A2 3SLS estimation results for the parameters of the soil N carryover equations
Parameter Estimate SE t value Pr(>|t|)
Clay soils
N transition equation: ϕ β n β N β e β y β c β= + + ln ( ) + + ln( ) + depositiont t t t
N
t t t1 2 3 4 5 6
β1 −3.21E−03 1.40E−04 −22.892 <2.22E−16 ***
β2 1.99E−02 1.22E−03 16.32 <2.22E−16 ***
β3 −6.17E−01 9.46E−03 −6.523 8.33E−11 ***
β4 −6.25E−05 6.35E−05 −9.849 <2.22E−16 ***
β5 2.19E−01 3.54E−02 6.192 6.94E−10 ***
β6 1.15E−01 7.11E−02 1.621 0.105
Adjusted R2: 0.30
N loss equation: e e=t
N a a N a ntotalrunoff + +t t t1 2 3
a1 4.21E−03 6.19E−05 67.99 <2.22E−16 ***
a2 5.31E−02 1.48E−04 35.94 <2.22E−16 ***
a3 7.08E−04 1.91E−05 37.11 <2.22E−16 ***
Adjusted R2: 0.34
Coarse soils
N transition equation: ϕ β n β N β e β y β= + + + + depositiont t t t
N
t t1 2 3 4 5
β1 −3.84E−03 2.08E−04 −18.47 <2.22E−16 ***
β2 2.43E−02 1.64E−03 14.76 <2.22E−16 ***
β3 −1.86E−01 1.80E−03 −10.34 <2.22E−16 ***
β4 −6.77E−04 7.42E−05 −9.12 <2.22E−16 ***
β5 3.68E−01 5.13E−02 7.185 8.90E−13 ***
Adjusted R2: 0.22
N loss equation: e e=t
N a a a N a n+ totalrunoff + +t t t1 2 3 4
a1 1.73 5.18E−02 33.35 <2.22E−16 ***
a2 2.58E−03 7.42E−05 34.80 <2.22E−16 ***
a3 4.64E−03 1.40E−04 33.22 <2.22E−16 ***
a4 5.67E−04 3.36E−05 16.91 <2.22E−16 ***
Adjusted R2: 0.46
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e e=t
N a a N a ntotalrunoff + +t t t1 2 3 (A72)
However, the equation for the N loss on coarse soils also included a constant term.
Estimation results are shown in Table A2.
The effect of the current plant available soil N on the N carryover is negative. Overall
goodness was evaluated with McEloroy's R2, which was 0.36 for coarse soils models and 0.32 for
clay soils models. The adjusted R2 values of the individual models are relatively low, particularly
for the N transitions function on coarse soils. If the models would have been estimated sepa-
rately by OLS, the R2 values would have been considerably higher, particularly for the models
on clay soils (Table A3). Also, the differences in the parameter estimates and
TABLE A3 OLS estimation results for the parameters of the soil N carryover equations
Parameter Estimate SE t value Pr(>|t|)
Clay soils
N transition equation: ϕ β n β N β e β y β c β= + + ln ( ) + + ln( ) + depositiont t t t
N
t t t1 2 3 4 5 6
β1 −3.13E−03 1.40E−04 −22.32 <2.22E−16 ***
β2 2.05E−02 1.22E−03 16.74 <2.22E−16 ***
β3 −7.17E−01 9.47E−03 −7.57 5.17E−14 ***
β4 −6.34E−05 6.35E−05 −9.98 <2.22E−16 ***
β5 2.21E−01 3.54E−02 6.233 5.40E−10 ***
β6 1.51E−01 7.11E−02 2.121 0.034 *
Adjusted R2: 0.65
N loss equation: e e=t
N a a N a ntotalrunoff + +t t t1 2 3
a1 4.20E−03 6.19E−05 67.97 <2.22E−16 ***
a2 5.31E−02 1.48E−04 35.94 <2.22E−16 ***
a3 7.08E−04 1.91E−05 37.12 <2.22E−16 ***
Adjusted R2: 0.97
Coarse soils
N transition equation: ϕ β n β N β e β y β= + + + + depositiont t t t
N
t t1 2 3 4 5
β1 −3.47E−03 1.95E−04 −17.76 <2.22E−16 ***
β2 2.61E‐02 1.65E−03 15.84 <2.22E−16 ***
β3 −2.57E−02 1.80E−03 −14.36 <2.22E−16 ***
β4 −6.89E−04 7.44E−05 −9.25 <2.22E−16 ***
β5 3.26E−01 4.55E−02 7.17 1E−12 ***
Adjusted R2: 0.62
N loss equation: e e=t
N a a a N a n+ totalrunoff + +t t t1 2 3 4
a1 1.76 5.21E−02 33.83 <2.22E−16 ***
a2 2.55E−03 7.45E−05 34.25 <2.22E−16 ***
a3 4.61E−03 1.40E−04 32.95 <2.22E−16 ***
a4 5.53E−04 3.36E−05 16.44 <2.22E−16 ***
Adjusted R2: 0.46
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the standard errors between the models estimated by 3SLS and OLS are minor, or almost non‐
existent. The biggest difference is the reduction in the estimate for the effect of the N loss on N
transition on coarse soils. Hence, we conclude that the models are rather robust.
The N loss functions were scaled to match the recent estimates of N‐loss from coarse and
clay soil (Turtola et al., 2017).
The applied yield response functions for N response, that is, the third elements in
Equations (A64) and (A65) are functions of annual N fertilization rates. Thus, we had to
add the effect of the plant available soil N to these functions. We assumed that the annual
total N input is equal to the plant N uptake. We obtained the estimates for the N uptake
equation again by estimation. Thus, we regressed the N yield uptake on the N fertilization and
soil N on both soil textures:
N a N a nuptake = +t t t1 2
(A73)
Estimation results suggest that 1% increase in N fertilization increases N uptake by 71% and
1% increase in plant available soil N stock increases N uptake by 2.4% on clay soils (Table A4).
On coarse soils the corresponding increases are 63% for the N fertilization and 2% for the soil N.
Variation in the data is explained by the simple linear models.
For DRP‐loss in equation (4), we applied a function from Uusitalo and Jansson (2002) with
runoff parameters are from Ekholm et al. (2005):
e ζ θ x θ P θ= [run off ( ( + )) − ]/100,t
DRP
DRP t t t1 2 3
(A74)
where e =t
DRP DRP‐loss (kg·ha−1·yr−1), x =t soil P (mg/L−1), P =t P fertilizer rate (kg·ha−1·yr−1),
runoff = 270t on clay soils, and runoff = 230t on coarse soils, θ = 0.0211 , θ = 0.012 , θ = 0.0153 .
For PP‐loss in Equation (3), we again applied a function from Uusitalo and Jansson (2002) with
runoff parameters from Ekholm et al. (2005):
e ζ θ x θ P θ= erosion { ln[ + ] − }10 ,t
PP
PP t t t1 2 3
−6 (A75)
TABLE A4 Estimation results for the parameters of the N yield uptake function
Parameter Estimate SE t value Pr(>|t|)
Clay soils
a1 0.713 0.0102 69.98 <2.00E−16 ***
a2 0.024 0.0009 27.13 <2.00E−16 ***
Adjusted R2: 0.91
F‐statistic: 1.216E+4 on 2 and 2428 DF, p value: <2.2e−16
Coarse soils
a1 0.63 0.0095 65.94 <2.00E−16 ***
a2 0.02 0.0010 20.99 <2.00E−16 ***
Adjusted R2: 0.8996
F‐statistic: 1.089E+4 on 2 and 2428 DF, p value: <2.2e−16
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where e =t
PP PP‐loss (kg·ha−1·yr−1), x =t soil P (mg/L−1), P =t P fertilizer rate (kg·ha−1·yr−1), and
erosion = 1200t on clay soils, erosion = 500t on coarse soils, θ = 2501 , θ = 0.012 , θ = 1503 . The
effect of gypsum on the P loss is included in Equation (3) as follows:
( ) ( )e δ φ e P x δ φ e P x= 1 − 1 − ( , ) + 1 − 1 − ( , )tP PPgyp tgyp PP t t DPRgyp tgyp DPR t t⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦ (A76)
where δ [0,1]PP
gyp ∈ is PP‐loss reduction effect of the catch crop cultivation, and δ [0,1]DPR
gyp ∈ is
DRP‐loss reduction effect of the catch crop cultivation. We use the estimate of 0.36 for δPP
gyp and
0.67 for δDPR
gyp (Iho & Laukkanen, 2012a). Thus, the applied P loss function is
( )
( )
e δ φ
ζ θ x θ P θ
δ φ
ζ θ x θ P θ
= 1 − 1 −
[runoff ( ( + )) − ]
100
+ 1 − 1 −
erosion { ln[ + ] − }
10
.
t
P
PP
gyp
t
gyp DRP t t t
DPR
gyp
t
gyp PP t t t
1 2 3
1 2 3
6
⎡⎣ ⎤⎦
⎡⎣ ⎤⎦ (A77)
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